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Abstract
For a positive integer t; a partition is said to be a t-core if each of the hook numbers from its
Ferrers–Young diagram is not divisible by t: In 1998, Haglund et al. (J. Combin. Theory Ser.
A 84 (1) (1998) 9) proved that if t ¼ 2; 3; or 4; then two distinct t-cores are rook equivalent if
and only if they are conjugates. In contrast to this theorem, they conjectured that if tX5; then
there exists a constant NðtÞ such that for every positive integer nXNðtÞ; there exist two distinct
rook equivalent t-cores of n which are not conjugate. Here this conjecture is proven for tX12
with NðtÞ ¼ 4 in all cases.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let L ¼ l1Xl2X?Xls40 be a partition of a positive integer n: The Ferrers–
Young diagram of L is a collection of n nodes in s rows with li nodes in row i:
? l1 nodes;
? l2 nodes;
^
? ls nodes:
Label the columns of the diagram from left to right starting with column 1. The node
in row i and column j is said to be in position ði; jÞ:
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Let l0j be the number of nodes in column j: Then L
c ¼ l01Xl02X?Xl0s040; where
s0 ¼ l1 is also a partition of n and is called the conjugate of L: The Ferrers–Young
diagram of Lc is formed by reﬂecting the Ferrers–Young diagram of L across the
diagonal passing through the nodes in positions ði; iÞ:
For L; the node in position ði; jÞ can be assigned a hook number,
Hði; jÞ ¼ ðli  jÞ þ ðl0j  iÞ þ 1:
From this deﬁnition, we can see that the hook number of a node is the number of
nodes directly to the right or below the node plus one for itself.
Deﬁnition 1. For a positive integer t; a partition is t-core if each of the hook numbers
from its Ferrers–Young diagram is not divisible by t:
From the deﬁnition of the hook numbers of a partition, it is clear that a partition
L is t-core if and only if its conjugate Lc is t-core.
Example 2. Consider the partitions L1 ¼ 4; 2; 1; 1; 1; 1 and L2 ¼ 3; 3; 1; 1; 1; 1 which
are both partitions of 10. The Ferrers–Young diagrams of L1 and L2 with their
corresponding hook numbers are as follows:
For example, L1 and L2 are both 5-core.
Partitions can also be depicted using Ferrers boards. A Ferrers board is a subset of
the squares of an N  N chessboard such that the rows of the subset are non-
increasing in length.
Example 3. Let L1 and L2 be the partitions from Example 2, and let Bi be the Ferrers
board associated to Li for i ¼ 1; 2: Then the Ferrers boards B1 and B2 are the following:
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As in chess, we can place rooks on the squares of a Ferrers board. A legal
placement of k rooks is one in which no two rooks are placed in the same row or
column, that is, no rook could attack another in one legal chess move. For a Ferrers
board B; let rkðBÞ be the number of legal placements of k rooks on B:
Deﬁnition 4. Ferrers boards B1 and B2 are rook equivalent if rkðB1Þ ¼ rkðB2Þ for
every positive integer k: Partitions L1 and L2 are rook equivalent if their associated
Ferrers boards are rook equivalent.
Since r1ðBÞ is the number of squares of B; two rook equivalent partitions must
have the same size. From the deﬁnition of rook equivalence, it is clear that a
partition and its conjugate are rook equivalent. Hence, if L is a t-core, then L and Lc
are rook equivalent, t-cores.
Example 5. Let B1 and B2 be as in Example 3. Then r1ðB1Þ ¼ r1ðB2Þ ¼ 10; r2ðB1Þ ¼
r2ðB2Þ ¼ 22; r3ðB1Þ ¼ r3ðB2Þ ¼ 8; and rkðB1Þ ¼ rkðB2Þ ¼ 0 for all kX4: Hence
the partitions L1 and L2 from Example 2 are non-conjugate, rook equivalent,
5-cores.
Haglund et al. [4] proved that if t ¼ 2; 3; or 4, then two distinct t-cores are rook
equivalent if and only if they are conjugate. They studied the rook equivalence of 4-
cores to shed further light on ideal class groups of imaginary quadratic ﬁelds. In
particular, they rephrased Gauss’ class number problem in terms of the enumeration
of rook equivalence classes of partitions containing 4-cores. They also made the
following conjecture:
Conjecture. If tX5; then there exists a constant NðtÞ with the property that if
nXNðtÞ; then there exist two distinct rook equivalent t-cores of size n which are not
conjugates.
For n ¼ 1; 2; or 3; a partition of size n is only rook equivalent to itself and its
conjugate. Thus the best possible value for NðtÞ is 4. Here it is proven that if tX12;
then NðtÞ can, in fact, be taken to be 4. This gives the main result of this paper.
Main Theorem. If tX12 and nX4; then there exist two distinct rook equivalent t-cores
of size n which are not conjugates.
2. Combinatorics of t-cores and rook equivalences
Again let L ¼ l1Xl2X?Xls40 be a partition of n: For every positive integer t;
there is a t-abacus associated to L: The t-abacus will have t columns numbered 0
through t  1 and inﬁnitely many rows numbered with the positive integers. On the
t-abacus, s beads will be placed, one corresponding to each part of L: For 1pips;
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the bead number bi will be deﬁned by
bi ¼ li  i þ s:
Since the li are non-increasing, the bi must be strictly decreasing.
To each bi there is a unique integer pair ðri; ciÞ; where riX1 and 0pcipt  1 such
that
bi ¼ tðri  1Þ þ ci:
The bead value bi will be placed in the position ðri; ciÞ on the t-abacus, where ri is the
row and ci is the column.
Example 6. For the partition L1 ¼ 4; 2; 1; 1; 1; 1 from Example 2, b1 ¼ 9; b2 ¼ 6;
b3 ¼ 4; b4 ¼ 3; b5 ¼ 2; and b6 ¼ 1: The beads for the 5-abacus will be in positions
ð2; 4Þ; ð2; 1Þ; ð1; 4Þ; ð1; 3Þ; ð1; 2Þ; and ð1; 1Þ: Thus the 5-abacus for L1 is
0 1 2 3 4
1 b6 b5 b4 b3
2 b2 b1
For the partition L2 ¼ 3; 3; 1; 1; 1; 1 from Example 2, b1 ¼ 8; b2 ¼ 7; b3 ¼ 4; b4 ¼
3; b5 ¼ 2; and b6 ¼ 1: The beads for the 5-abacus will be in positions ð2; 3Þ; ð2; 2Þ;
ð1; 4Þ; ð1; 3Þ; ð1; 2Þ; and ð1; 1Þ: Thus the 5-abacus for L1 is
0 1 2 3 4
1 b6 b5 b4 b3
2 b2 b1
From Example 2, we know that the partitions L1 and L2 above are 5-core. The
following theorem [5] explains how this can be determined by looking at the 5-abaci
of these partitions:
Theorem 7. Consider a t-abacus for a partition L where ni is the number of beads in
column i: Then L is a t-core if and only if for each i ¼ 0;y; t  1; the ni beads in
column i are in the bead positions
ð1; iÞ; ð2; iÞ;y; ðni; iÞ:
Thus, in any non-empty column of the t-abacus of a t-core, the top bead is in row
1, and any subsequent beads in the column are placed with no gaps in between. Thus
a t-tuple, ðn0; n1;y; nt1Þ; of natural numbers represents a t-abacus of a t-core, and
every t-core has such a representation of its t-abacus.
If parts of size zero are allowed in a partition, then the above t-tuples do not
represent t-cores uniquely as can be seen by the following lemma [5]:
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Lemma 8. The t-tuples of natural numbers ðn0; n1;y; nt1Þ and ðnt1 þ
1; n0; n1;y; nt2Þ represent the same t-core.
Just as the t-tuples above afford an easy combinatorial classiﬁcation of t-cores,
rook equivalence of partitions can also be easily determined combinatorially.
In order to determine if two partitions of size n are rook equivalent, it is necessary
that the partitions have the same number of parts. Since a partition of size n has at
most n non-zero parts, we uniformly take all partitions of size n to have n parts (i.e.
by appending parts of size zero if necessary).
Let L ¼ l1Xl2X?XlnX0 be a partition of size n: As in [4], let si ¼ li þ i for
1pipn: The multiset associated to L is then deﬁned to be fsi j 1pipng: The
following proposition [2] shows how these multisets help determine rook equivalence
of partitions:
Proposition 9. Two partitions are rook equivalent if and only if their associated
multisets are the same.
Example 10. Let L1 ¼ 4; 2; 1; 1; 1; 1 and L2 ¼ 3; 3; 1; 1; 1; 1 be the partitions from
Example 2. Then the multisets associated to L1 and L2 are f5; 4; 4; 5; 6; 7; 7; 8; 9; 10g
and f4; 5; 4; 5; 6; 7; 7; 8; 9; 10g; respectively. Since these multisets are the same, L1 and
L2 are rook equivalent as was determined in Example 5.
From Example 6, the 5-tuples associated to the 5-cores L1 ¼ 4; 2; 1; 1; 1; 1 and
L2 ¼ 3; 3; 1; 1; 1; 1 are ð0; 2; 1; 1; 2Þ and ð0; 1; 2; 2; 1Þ; respectively. In a later section,
we will see how these two 5-tuples identify these partitions as rook equivalent.
Using Proposition 9, for small values of n; we can immediately ﬁnd two distinct
rook equivalent t-cores of size n which are not conjugates.
Lemma 11. Let t4nX4 be integers. Then there exist two distinct rook equivalent
t-cores of size n which are not conjugates.
Proof. Consider the partitions n  2; 2 and n  2; 1; 1 which are, in fact, partitions
since nX4: Their associated multisets are fn  1; 4; 3; 4; 5;y; ng and fn 
1; 3; 4; 4; 5;y; ng; respectively, so they are rook equivalent. Since t4n; these
partitions are necessarily t-core. They are also never conjugates.
This lemma reduces the conjecture of Haglund, Ono, and Sze to the study of
‘‘large’’ values of n:
3. Quadratic forms associated to t-cores
In order to prove that distinct, non-conjugate, rook equivalent, t-cores exists for
all tX12 and nX4; we will construct the t-tuples of some rook equivalent t-cores. To
determine the size of the partitions, we need the following proposition [8]:
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Proposition 12. The t-tuple ðn0; n1; n2;y; nt1Þ of natural numbers represents a t-core
of size
Xt1
i¼0
ini þ t
2
Xt1
i¼0
niðni  1Þ  1
2
Xt1
i¼0
ni
 ! Xt1
i¼0
ni  1
 !
:
This quadratic form has cross terms (like n0n1) which complicate matters. As
Garvan et al. [1] showed, this quadratic form can be modiﬁed to obtain a quadratic
form with no cross terms.
Let ðn0; n1; n2;y; nt1Þ be a t-tuple representing a t-core of n such thatXt1
i¼0
ni ¼ tk;
where k is an integer. By Lemma 8, we know that every t-core has such a t-tuple
representation. For 0pipt  1; let xi ¼ ni  k: ThenXt1
i¼0
xi ¼ 0 ð1Þ
and
t
2
Xt1
i¼0
x2i þ
Xt1
i¼0
ixi ¼ n: ð2Þ
In fact, there exists a one-to-one correspondence between t-cores of n and t-tuples of
integers ðx0; x1; x2;y; xt1Þ that satisfy both (1) and (2).
We shall make heavy use of this Diophantine description of t-cores.
4. t-Tuples of rook equivalent t-cores
By Proposition 9, we know that two partitions, L1 and L2; are rook equivalent if
and only if their associated multisets are equal. The following lemma exhibits two
partitions which are always rook equivalent:
Lemma 13. Let 1pjon: Let L1 be the partition
l1Xl2X?Xlj14lj ¼ ljþ14ljþ2X?XlsX0
and L2 be the partition
l1Xl2X?Xlj1Xlj þ 14ljþ1  1Xljþ2X?XlsX0:
Then L1 and L2 are rook equivalent.
Proof. Let fsi j 1pipsg be the multiset associated to L1 and fs0i j 1pipsg be the
multiset associated to L2:
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If iefj; j þ 1g; then si ¼ li þ i ¼ s0i: Also, sj ¼ lj þ j ¼ ðljþ1  1Þ þ ðj þ 1Þ ¼ s0jþ1
and sjþ1 ¼ ljþ1 þ ðj þ 1Þ ¼ ðlj þ 1Þ þ j ¼ s0j:
Since their associated multisets are equal, L1 and L2 are rook equivalent. &
Now suppose that the partitions L1 and L2 as given in the statement of Lemma 13
are both t-core for some positive integer tX4: Let bi be the bead numbers associated
to the partition L1 and b0i be the bead numbers associated to the partition L2:
Assume that L1 and L2 have enough parts of size 0 so that the bead number bj ¼
lj  j þ s will be placed in column k þ 2 of the t-abacus where 0pkpt  4:
Note that bi ¼ b0i for all iefj; j þ 1g: Also, there are the following relations among
bj; bjþ1; b0j; and b
0
jþ1:
bjþ1 ¼ bj  1;
b0j ¼ bj þ 1;
b0jþ1 ¼ bjþ1  1:
Hence columns k through k þ 3 of the t-abaci of L1 and L2 will look as follows
where  indicates the necessary presence of a bead and 3 indicates the necessary
absence of a bead:
L1 :
k k þ 1 k þ 2 k þ 3
1    
2    
^ ^ ^ ^ ^
n    
n þ 1 3 bjþ1 bj 3
n þ 2 3 3 3 3
L2 :
k k þ 1 k þ 2 k þ 3
1    
2    
^ ^ ^ ^ ^
n    
n þ 1 b0jþ1 3 3 b0j
n þ 2 3 3 3 3
Thus we have the following lemma:
Lemma 14. For tX4 and 0pkpt  4; the t-tuples of natural numbers
ðn0;y; nk1; n; n þ 1; n þ 1; n; nkþ4;y; nt1Þ;
ðn0;y; nk1; n þ 1; n; n; n þ 1; nkþ4;y; nt1Þ
represent a pair of distinct rook equivalent, t-cores.
From this lemma, we can immediately obtain the following corollary:
Corollary 15. For tX6; the t-tuples of natural numbers
ðn; n þ 1; n þ 1; n; n þ 1; n; n6;y; nt1Þ;
ðn þ 1; n; n; n þ 1; n þ 1; n; n6;y; nt1Þ;
ðn þ 1; n; n þ 1; n; n; n þ 1; n6;y; nt1Þ
represent a triple of distinct rook equivalent, t-cores.
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Proof. Immediately from Lemma 14, we see that the ﬁrst two t-tuples listed
represent a pair of t-cores and that the last two t-tuples listed represent a pair of t-
cores. Since rook equivalence is an equivalence relation, the t-tuples listed represent a
triple of rook equivalent, t-cores. &
Similarly, this second corollary follows from Lemma 14:
Corollary 16. For tX6; the t-tuples of natural numbers
ð n; n þ 1; n; n þ 1; n þ 1; n; n6;y; nt1Þ;
ð n; n þ 1; n þ 1; n; n; n þ 1; n6;y; nt1Þ;
ðn þ 1; n; n; n þ 1; n; n þ 1; n6;y; nt1Þ
represent a triple of distinct rook equivalent, t-cores.
Having these triples of rook equivalent t-cores allows us to avoid the problem of
having to prove that the t-tuples in Lemma 14 represent partitions which are not
conjugates of each other.
From Proposition 12, we can obtain quadratic forms that would represent the size
of the partitions in Corollaries 15 and 16, but these quadratic forms would have
cross terms. Thus we would like to ﬁnd t-tuples of integers that would represent these
partitions and also satisfy (1).
Lemma 17. Let tX6 be an integer. Suppose x1; x2;y; xt6 are integers satisfyingXt6
i¼1
xi ¼ 0:
Then there exists a triple of distinct rook equivalent t-cores of size
Xt6
i¼1
t
2
x2i þ ixi
 
þ 4
and there exists a triple of distinct rook equivalent t-cores of size
Xt6
i¼1
t
2
x2i þ ixi
 
þ 5:
Proof. Consider the following t-tuple of integers:
ð0; 1; 0; x1; x2; :::; xt6;1; 0; 0Þ: ð3Þ
Since
P
xi ¼ 0; the sum of the entries in the t-tuple is 0. Hence the statements
following Proposition 12 imply that this t-tuple represents a partition of size
Xt6
i¼1
t
2
x2i þ ði þ 2Þxi
 
þ t þ 1 ðt  3Þ ¼
Xt6
i¼1
t
2
x2i þ ixi
 
þ 4:
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Let k ¼ maxð1;x1;x2;y;xt6Þ: Then the t-tuple of natural numbers
ðk; k þ 1; k; x1 þ k; x2 þ k;y; xt6 þ k; k  1; k; kÞ ð4Þ
represents the same partition as (3). By Lemma 8, (4) represents the same partition as
ðk; k þ 1; k þ 1; k; k þ 1; k; x1 þ k; x2 þ k;y; xt6 þ kÞ: ð5Þ
By Corollary 15, (5) is rook equivalent to two other t-cores. Hence there exists a
triple of distinct rook equivalent t-cores of
Xt6
i¼1
t
2
x2i þ ixi
 
þ 4:
Similarly, the t-tuple of integers,
ð1; 1; 0; x1; x2;y; xt6;1; 0;1Þ
represents a partition of size
Xt6
i¼1
t
2
x2i þ ixi
 
þ 5;
which is rook equivalent to two other t-cores. &
Corollary 18. Let tX6 be an integer and n be a positive integer. If there exist integers
x1; x2;y; xt6 such thatXt6
i¼1
xi ¼ 0 ð6Þ
and
Xt6
i¼1
t
2
x2i þ ixi
 
þ C ¼ n; C ¼ 4 or 5; ð7Þ
then there exist two distinct rook equivalent t-cores of size n which are not conjugates.
Proof. If x1; x2;y; xt6 are integers satisfying (6) and (7), then by Lemma 17, there
exists a triple of distinct rook equivalent t-cores of n: Two of these three partitions
must necessarily be non-conjugate. Hence there exist two distinct rook equivalent t-
cores of size n which are not conjugates. &
5. Case I: tX23
Granville and Ono [3] proved the t-core conjecture for tX17 using elementary
methods. Here, we begin by proving the Main Theorem for tX23 following their
methods found in Section 2 of their paper.
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Proposition 19. Let tX16 be an integer and 11pnpt2
4
 16 be an integer. Then there
exist two distinct rook equivalent t-cores of size n which are not conjugates.
Proof. By Corollary 18, we need only to ﬁnd integers x1; x2;y; xt6 which satisfy (6)
and (7).
Fix an integer k such that 1pkpt8
2
; and let ICf1; 2; 3;y; t  6 kg of size k:
Let
xi ¼
1; iAI ;
1; t  5 kpipt  6;
0; otherwise:
8><
>:
Then x1; x2;y; xt6 satisfy (6), and the value n from (7) is
n ¼ kðk þ 11Þ
2
þ
X
iAI
i þ C; C ¼ 4 or 5: ð8Þ
Letting I range over all possible subsets of f1; 2; 3;y; t  6 kg of size k; (8) will
represent every integer in ½k2 þ 6k þ 4; tk  k2 þ 5:
Letting k range over all integers 1pkpt8
2
; there exist integers x1; x2;y; xt6
which satisfy (6) and (7) for every integer n in
[½t82 
k¼1
½k2 þ 6k þ 4; tk  k2 þ 5:
Since tX16; for 1pkpt10
2
; tk  k2 þ 5Xðk þ 1Þ2 þ 6ðk þ 1Þ þ 4: Thus
[½t82 
k¼1
½k2 þ 6k þ 4; tk  k2 þ 5 ¼ 11; t t  8
2
 
 t  8
2
 2
þ5
" #
* 11;
t2
4
 16
 
:
Hence there exist two distinct rook equivalent t-cores of size n which are not
conjugates for all integers n such that 11pnpt2
4
 16: &
Proposition 20. Let tX23 be an integer and nX3t þ 20 be an integer. Then there exist
two distinct rook equivalent t-cores of size n which are not conjugates.
Proof. Again, by Corollary 18, we need only to ﬁnd integers x1; x2;y; xt6 which
satisfy (6) and (7).
Let j ¼ 1 or 2: Let xj ¼ 1 and xt6 ¼ 1: Also, for some 0pJpt  21; let
x3 ¼ x5 ¼ a þ a; x4 ¼ 2a þ a;
x6 ¼ x8 ¼ b þ b; x7 ¼ 2b þ b;
x9 ¼ x11 ¼ c þ g; x10 ¼ 2c þ g;
x12þJ ¼ x14þJ ¼ d þ d; x13þJ ¼ 2d þ d;
where a; b; c; d; a; b; g; d are integers to be chosen later such that aþ bþ gþ d ¼ 0:
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Letting all other xi ¼ 0; we see that x1; x2;y; xt6 satisfy (6) and the value n from (7)
is
n ¼ 3tm þ 3t
2
ða2 þ b2 þ g2 þ d2Þ þ 9ðaþ 2bþ 3gþ 4dÞ þ 3Jdþ C0;
C0 ¼ 11; 12; or 13;
where m ¼ a2 þ b2 þ c2 þ d2: By Lagrange’s Theorem, a; b; c; and d can be chosen so
that m is any non-negative integer. By considering all combinations of j and C from
(7), C0 can be chosen to be any of the numbers 11; 12; or 13: Consider
N ¼ tm þ t
2
ða2 þ b2 þ g2 þ d2Þ þ 3ðaþ 2bþ 3gþ 4dÞ þ Jd:
Then n ¼ 3N þ C0; C0 ¼ 11; 12; or 13: Since tX23; as in [3], m; a; b; g; d; and J can be
chosen so that N is any integer greater than or equal to t þ 3: Thus n is any integer
greater than or equal to 3t þ 20: &
For tX23; t
2
4
 16X3t þ 20 and t411 so Lemma 11 and Propositions 19 and 20
imply that the Main Theorem is true for tX23:
6. Case II: 14ptp22
Kiming [6] used elementary methods to prove the t-core conjecture for primes
tX11: His proof, though, only used the fact that t was odd. Here we will modify his
methods to prove the Main Theorem for 14ptp22:
Proposition 21. Let tX14 be an integer and nXt
3
4
þ t þ 5 be an integer. Then there
exist two distinct rook equivalent t-cores of size n which are not conjugates.
Proof. Fix an integer nXt
3
4
þ t þ 5: By Corollary 18, we need only to ﬁnd integers
x1; x2;y; xt6 which satisfy (6) and (7). Take C ¼ 5 if t  n ðmod 2Þ; and take
C ¼ 4 otherwise. Let N ¼ n  C: Then NXt3
4
þ t and tcN ðmod 2Þ:
Write N ¼ tm þ r where m is odd and jrjpt: Since tm þ r ¼ Nct  tm ðmod 2Þ; r
is also odd. Also, since NXt
3
4
þ t; 4mXr2:
Since m and r are odd and 4mXr2; 4m  r2  3 ðmod 8Þ and is a positive integer.
Thus, by Gauss’ three squares theorem, there exist integers a; b; c such that
4m  r2 ¼ a2 þ b2 þ c2:
Since 4m  r2  3 ðmod 8Þ; a; b; c must all be odd. By replacing a; b; c by their
negatives if necessary, we may assume that a  b  c  r ðmod 4Þ: Deﬁne the
integers a; b; g; d as follows:
a ¼ ðr þ a þ b þ cÞ=4; b ¼ ðr  a  b þ cÞ=4;
g ¼ ðr  a þ b  cÞ=4; d ¼ ðr þ a  b  cÞ=4:
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Let x1 ¼ a; x2 ¼ a; x3 ¼ b; x4 ¼ b; x5 ¼ g; x6 ¼ g; x7 ¼ d; x8 ¼ d; and xi ¼ 0
for 9pipt  6: Then x1; x2;y; xt6 satisfy (6). Also,
Xt6
i¼1
t
2
x2i þ ixi
 
þ C ¼ t
4
ðr2 þ a2 þ b2 þ c2Þ þ r þ C
¼ tm þ r þ C ¼ N þ C ¼ n;
so x1; x2;y; xt6 satisfy (7). Hence there exist two distinct rook equivalent t-cores of
size n which are not conjugates. &
For each t such that 14ptp22; Proposition 21 leaves only a ﬁnite number of
values of n for which the Main Theorem has not been proven.
In Corollaries 15 and 16, we saw that the t-tuples of natural numbers
ðn0; n0 þ 1; n0 þ 1; n0; n0 þ 1; n0; n6;y; nt1Þ
and
ðn0; n0 þ 1; n0; n0 þ 1; n0 þ 1; n0; n6;y; nt1Þ
represent partitions which are both rook equivalent to two other t-cores. By
Proposition 12, we can determine the size of the partitions represented by these
t-tuples.
Using a computer search, for every integer n such that tpnpt3
4
þ t þ 5; it is
possible to ﬁnd natural numbers n0; n6;y; nt1 such that one of the t-tuples above
represents a partition of n: In fact, in the computer search, it is enough to let
0pn0; n6pt and 0pn7;y; nt1p1: This computer search, Lemma 11, and
Proposition 21 imply the Main Theorem for 14ptp22:
7. Case III: t ¼ 12 and 13
To prove the Main Theorem for t ¼ 12 or 13; we again modify Kiming’s methods
[6]. In these cases, we will use only the pair of rook equivalent t-cores given in
Lemma 14.
Lemma 22. Let tX4 be an integer and x1; x2;y; xt4 be integers satisfying
Xt4
i¼1
xi ¼ 0:
Then the t-tuples of integers
ð1; 0; x1;y; xt4;1; 0Þ and ð0; 1; x1;y; xt4; 0;1Þ
ARTICLE IN PRESS
J. Anderson / Journal of Combinatorial Theory, Series A 106 (2004) 221–236232
represent rook equivalent t-cores of size
Xt4
i¼1
t
2
x2i þ ixi
 
þ 2:
In order to determine if the rook equivalent t-cores given in Lemma 22 are
conjugates, we need the following proposition [1]:
Proposition 23. Let t be a positive integer and x0; x1;y; xt1 be integers such thatXt1
i¼0
xi ¼ 0:
The conjugate of the partition represented by the t-tuple
ðx0; x1;y; xt1Þ
is represented by the t-tuple
ðxt1;xt2;y;x0Þ:
Proposition 24. Let t ¼ 12 or 13 and nXt3 þ 4t þ 2 be an integer. Then there exist two
distinct rook equivalent t-cores of size n which are not conjugates.
Proof. Let nXt3 þ 4t þ 2: By Lemma 22 and Proposition 23, we need only ﬁnd
integers x1;y; xt4 such thatXt4
i¼1
xi ¼ 0;
Xt4
i¼1
t
2
x2i þ ixi
 
þ 2 ¼ n
and
ð1; 0; x1;y; xt4;1; 0Það1; 0;xt4;y;x1;1; 0Þ:
Let N ¼ n  2: Since nXt3 þ 4t þ 2; NXt3 þ 4t: If t ¼ 13; as Kiming showed [6],
we can write N ¼ tm þ 2kr where m; r are odd, k ¼ 0 or 1; and j2krjp2t: If t ¼ 12
and Nc4 ðmod 8Þ; then we can write N ¼ tm þ 2kr where m; r are odd, k ¼ 0; 1; or
2; and j2krjpt: If t ¼ 12 and N  4 ðmod 8Þ; then we can write N ¼ 4tm þ 4r where
m; r are odd and jrjpt:
In each case, since NXt3 þ 4t; 4mXr2: Also, in each case, since m and r are odd
and 4mXr2; 4m  r2  3 ðmod 8Þ and is a positive integer. Thus, by Gauss’ Three
Squares Theorem, there exist integers a; b; c such that
4m  r2 ¼ a2 þ b2 þ c2:
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Since 4m  r2  3 ðmod 8Þ; a; b; c must all be odd. By replacing a; b; c by their
negatives if necessary, we may assume that a  b  c  r ðmod 4Þ: Deﬁne the
integers a; b; g; d as follows:
a ¼ ðr þ a þ b þ cÞ=4; b ¼ ðr  a  b þ cÞ=4;
g ¼ ðr  a þ b  cÞ=4; d ¼ ðr þ a  b  cÞ=4:
Suppose t ¼ 13: Let
ðx1; x2; x3; x4; x5; x6; x7; x8; x9Þ ¼
ða; a;b; b;g; g;d; d; 0Þ if k ¼ 0;
ða;b; a; b;g;d; g; d; 0Þ if k ¼ 1:

Then
Xt4
i¼1
xi ¼ 0
and
Xt4
i¼1
t
2
x2i þ ixi
 
þ 2 ¼ tm þ 2kr þ 2 ¼ n:
Since r is odd and a  b  r ðmod 4Þ; ra a or b: Hence aa d or g: Therefore
ð1; 0; x1;y; xt4;1; 0Það1; 0;xt4;y;x1;1; 0Þ:
Thus there exist two distinct rook equivalent t-cores of size n which are not
conjugates.
Now suppose t ¼ 12 and Nc4 ðmod 8Þ: Let
ðx1; x2; x3; x4; x5; x6; x7; x8Þ ¼
ða; a;b; b;g; g;d; dÞ if k ¼ 0;
ða;b; a; b;g;d; g; dÞ if k ¼ 1;
ða;b;g;d; a; b; g; dÞ if k ¼ 2:
8><
>:
Then
Xt4
i¼1
xi ¼ 0
and
Xt4
i¼1
t
2
x2i þ ixi
 
þ 2 ¼ tm þ 2kr þ 2 ¼ n:
Since b; c are odd and b  c ðmod 4Þ; ba c: Hence aad: Therefore
ð1; 0; x1;y; xt4;1; 0Það1; 0;xt4;y;x1;1; 0Þ:
Thus there exist two distinct rook equivalent t-cores of size n which are not
conjugates.
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Finally suppose t ¼ 12 and N  4 ðmod 8Þ: Let
ðx1; x2; x3; x4; x5; x6; x7; x8Þ ¼ ð2a;2b; 2a; 2b;2g;2d; 2g; 2dÞ:
Then
Xt4
i¼1
xi ¼ 0
and
Xt4
i¼1
t
2
x2i þ ixi
 
þ 2 ¼ 4tm þ 4r þ 2 ¼ n:
Since b; c are odd and b  c ðmod 4Þ; ba c: Hence aad: Therefore
ð1; 0; x1;y; xt4;1; 0Það1; 0;xt4;y;x1;1; 0Þ:
Thus there exist two distinct rook equivalent t-cores of size n which are not
conjugates. &
Again, using a computer search, it is possible to ﬁnd natural numbers
n0; n6;y; nt1 such that one of the t-tuples
ðn0; n0 þ 1; n0 þ 1; n0; n0 þ 1; n0; n6;y; nt1Þ;
or
ðn0; n0 þ 1; n0; n0 þ 1; n0 þ 1; n0; n6;y; nt1Þ
represents a partition of n for all integers n such that tpnpt3 þ 4t þ 2: In this
search, it is enough to let 0pn0; n6; n7pt and 0pn8;y; nt1p1: This computer
search, Lemma 11, and Proposition 24 imply the Main Theorem for t ¼ 12 and 13.
8. Conclusion
Computer evidence suggests that the conjecture of Haglund, Ono, and Sze is also
true for 6ptp11: This computer evidence also suggests that it is possible to take
NðtÞ ¼ 4 in each of these cases. This gives the following conjecture:
Conjecture. If tX6 and nX4; then there exist two distinct rook equivalent t-cores of
size n which are not conjugates.
The proof of this conjecture for 6ptp11 may not be possible using elementary
methods like the ones in this paper. One may have to use the theory of modular
forms in order to complete its proof.
For t ¼ 5; it is unclear if the conjecture of Haglund et al. is true. For 4pnp40;
two distinct rook equivalent t-cores of size n which are not conjugates exist only for
nAf4; 6; 8; 10; 12; 13; 14; 16 22; 24; 26; 28; 30 40g:
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For further study, one may consider, for a given t; the number of rook equivalence
classes of partitions that contain a t-core. This would indicate, on average, how
many t-cores are rook equivalent, and would, in some sense, ‘‘measure’’ the degree to
which rook equivalence fails to indicate conjugacy of t-cores.
These questions would be difﬁcult to answer since even estimating the number of
t-cores has been a challenge. For example, the following Monotonicity Conjecture of
Stanton [7] has not been proven:
Conjecture. If tX4; then
atðnÞpatþ1ðnÞ; for nXt þ 1;
where asðnÞ is the number of s-cores of size n:
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